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Glimpses on the micro black hole Planck phase
Fabio Scardigli1, ∗
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Mass thresholds, lifetimes, entropy and heat capacity for micro black holes close to their late
Schwarzschild phase are computed using two different generalized uncertainty principles, in the
framework of models with extra spatial dimensions. Emission of both photons and gravitons (in the
bulk) are taken into account. Results are discussed and compared.
PACS numbers: 04.50.Gh, 03.65.Ta, 04.60.-m, 04.70.Dy
I. INTRODUCTION
The appearance, some years ago, of scenarˆı contem-
plating the existence of extra space-like dimensions has
had many different and deep impacts on the fundamental
physics of the last decade.
One of the most astonishing consequences of such
framework seems to be the lowering of the Planck scale
to the TeV region, predicted by both the large extra di-
mensions models [1], and by models with warped extra
dimensional geometries [2]. The explicit dependence of
MPlanck on the number of extra spatial dimensions varies
from a formulation to another, but all the formulations
exhibit a value of MP which, at least for some number
of extra dimensions n, lies at the few TeV scale. This
has had, as an immediate consequence, the possibility
to bring down to laboratory scale the ”most wanted”
Holy Graal of modern theoretical physics, namely the
Quantum Gravity regime. The unreachable threshold of
1019 GeV (Planck energy in 4 dimensions) is reduced, in
these frameworks, to energies that are going to be vastly
probed by the ”next to start” CERN collider machine,
LHC. The center-of-mass energy created by this collider,
14 TeV at full regime, implies that we could have a (per-
haps abundant) production of micro black holes.
Much work has been devoted to the understanding of
the behaviour of these genuinely non perturbative quan-
tum gravity objects, from the seminal papers of [3, 4, 5]
to the more recent analysis of the many possible signa-
tures which could reveal these objects in the not-so-far
LHC runnings. See [6] for a (very) incomplete list of
papers and further references.
The usual classification of the phases of the life of a mi-
cro black hole (produced in a high energy collision) states
that the decay of an excited spinning black hole proceeds
through several stages. There is a balding phase, where
the hole loses ”hair” via the emission of classical gravita-
tional and gauge radiation. Gauge charges inherited from
the initial colliding particles are being lost in this phase.
After, there is a brief rotating phase (spindown phase)
in which the black hole loses angular momentum and en-
ergy, via super-radiance and semiclassical Hawking radia-
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tion, until it settles down to a longer Schwarzschild phase.
Here, the black hole evaporates by loosing mass/energy
through the Hawking effect. According to the semiclas-
sical approximation, the hole should then shrink to zero,
in a sort of final explosive state. At the very end point,
the hole should reach (according to semiclassical picture)
an infinite temperature and an infinite emission rate. Of
course, it is widely believed that this semiclassical ap-
proximation breaks down somewhere (well) before the
Planck mass is reached.
While the first phases of the black hole life are in-
tensely studied, and quite well understandable, with the
tools of QFT on curved space-time, the final part of the
Schwarzschild phase, namely the so called Planck phase,
is still by far the most puzzling sector of the problem. We
don’t know much about this phase, mainly because we
don’t have a complete theory of quantum gravity at our
disposal [7]. However, some light on the close proximity
of the Planck phase (or, at least, on the last part of the
Schwarzschild semiclassical phase) seems to have been
shred by several authors [8, 9, 10]. They all use, as a good
approximation of the final full quantum gravity theory,
calculations based on generalized uncertainty principle(s)
(GUP), i.e. deformed commutators, in order to compute
the relevant quantities of the phenomenon, namely tem-
perature, mass thresholds, black hole lifetimes. As we
shall see, a striking consequence of the GUP formalism
is a direct prediction of the stopping of the evaporation
and the consequent existence of remnants. The present
paper, which moves along the research lines just above
mentioned, is organized as follows: in Section II we in-
troduce the two generalized uncertainty principles we are
dealing with; in Section III and Appendix 1 we prove the
translation and rotation invariance of such GUPs; Sec-
tions IV and V are dedicated to the mass-temperature
relation inferred by the GUPs and to the mass thresh-
olds; in Sections VI and VII we set up an emission rate
equation, and use it to compute properties of the micro
black hole lifetime; Section VIII deals with the end point
behaviour of the emission rate; in Section IX we compute
with the GUPs the entropy and the heat capacity of the
micro black holes, and discuss the important end point
properties of the heat capacity. Section X is dedicated to
the conclusions.
Throughout the paper, in 4+n dimensions, the Planck
length is defined as ℓ2+n4n = G4n~/c
3, the Planck energy
2as E4nℓ4n = ~c/2, the Planck mass asM4n = E4n/c2. The
value of the 4+n dimensional Newton constant G4n, and
its link with the 4 dimensional GN , is in general model
dependent (see, e.g., [5] for the ADD and RS model). A
specific example will be discussed in Section V.
II. GUPS
Having in mind a high energy collision, we know that
Heisenberg principle ∆p∆x ≥ ~/2 can be casted in the
form ∆E∆x ≥ ~c/2 (since ∆E ≃ c∆p). It is worth
noting that Heisenberg commutators in QFT are Lorentz
invariant statements, which means that they are valid, in
principle, at any energy scale. Actually, the main reason
since larger and larger energies are required to explore
smaller and smaller details is that the size of the smallest
detail theoretically detectable with a beam of energy E
is δx = ~c/(2E). An equivalent argument comes from
considering the resolving power of a ”microscope”: the
smallest resolvable detail goes roughly as the wavelength
of the employed photons, and therefore δx ≃ λ = cν = hcǫ .
The research on viable generalizations of the Heisen-
berg uncertainty principle traces back to many decades
(see for early approaches [11], etc. See for a review [12]
and for more recent approaches [13, 14]). In the last 20
years, there have been seminal studies in string theory
[15] suggesting that in gedanken experiments about high
energy scattering with high momentum transfer, the un-
certainty relation should be written as
δx &
~
2p
+ 2β ℓ24n
p
~
, (1)
where ℓ4n is the 4 + n dimensional Planck length. Since
in our high energy scattering E ≃ cp, the stringy GUP
can be also written as
δx &
~c
2E
+ 2 β ℓ24n
E
~c
, (2)
where E is the energy of the colliding beams.
If however we take into account the possibility of a forma-
tion of micro black holes in the scattering, with a grav-
itational radius of RS ∼ (E)1/(n+1), then we easily see
that in 4 + n dimensions (and n ≥ 1) the stringy prin-
ciple seems to forbid the very observation of the micro
hole itself. In fact, at high energy the error predicted by
the stringy GUP goes like δx ∼ E, while the size of the
hole goes like RS ∼ (E)1/(n+1). For E enough large and
n ≥ 1, we always would have E > (E)1/(n+1), thereby
loosing the possibility of observing micro black holes just
when they become massive (that is, when they approach
the classicality). Also to avoid this state of affairs, and
on the ground of gedanken experiments involving the for-
mation of micro black holes, it has been proposed [14, 16]
a modification of the uncertainty principle that in 4 + n
dimensions reads
δx &


~c
2E for E < E4n
βR4n(E) for E ≥ E4n ,
(3)
where R4n is the 4+n dimensional Schwarzschild radius
associated with the energy E (see [17])
R4n =
[
16πG4nE
(N − 1)ΩN−1c4
] 1
N−2
= ℓ4n
(
ωn
E
E4n
) 1
N−2
(4)
and N = 3 + n is the number of space-like dimensions,
ωn = 8π/((N − 1)ΩN−1), ΩN−1 = 2πN/2/Γ(N/2) =
area of the unit SN−1 sphere. Combining linearly the
above inequalities we get
δx &
~c
2E
+ βR4n(E) . (5)
Thus, the GUP originating from micro black hole
gedanken experiments (MBH GUP) can be written as
δx &
~c
2E
+ βℓ4n
(
ωn
E
E4n
) 1
N−2
. (6)
Using again the relation E4nℓ4n = ~c/2 the stringy in-
spired GUP (ST GUP, eq.(2)) can be written in 4 + n
dimensions as
δx &
~c
2E
+ βℓ4n
E
E4n . (7)
where β is the deformation parameter, generally believed
of O(1). Remarkably, in 4 dimensions (N = 3, n = 0)
the two principles coincide. The deformation parameter
β, supposed independent from the dimensions N , can be
therefore chosen as the same for both principles.
A comparison between the two principles yields
βℓ4n
E
E4n > βℓ4n
(
ωn
E
E4n
) 1
N−2
⇐⇒ E > (ωn) 1n E4n (8)
The last condition is easily met when N = 3, 4, ..., 9, in
all the planned LHC collision experiments, since 0.35 <
(ωn)
1
n < 0.55, and E4n is believed to be of order of few
TeV (if extra dimensions are really there). As we men-
tioned, the above inequality means that δxST > δxMBH ,
so that at very high energies stringy GUP seems to pro-
duce an error, δxST , larger then the size of the micro
black hole itself. In other words the stringy GUP does
not seem to allow, in principle, for the observation of mas-
sive micro black hole (error larger than the geometric size
of the hole). This could be an indication supporting the
MBH GUP (6) in respect to ST GUP (7).
III. TRANSLATION AND ROTATION
INVARIANCE OF THE GUPS
In this section we shall prove the GUPs previously in-
troduced do respect the constraints posed by requiring
the conventional translation and rotation invariance of
the commutation relations. First, we show what these
kinematic constraints imply about the structure, in n di-
mensions, of the [x, p] commutations relations. In this,
3we follow closely Ref. [18, 19]. As a general ansatz for
the x, p commutation relation in n dimensions we take
[xi, pj ] = i ~ Ξij(p) (9)
and we require that Ξij(p) differs significantly from δij
only for large momenta. We assume also [pi, pj ] = 0 and
we compute the remaining commutation relation through
the Jacobi identities, obtaining
[xi, xj ] = i~{xa, Ξ−1ar Ξs[iΞj]r,s} (10)
where {} are the anti-commutators and Q,s := ∂Q/∂s.
The commutation relations (9) are translation invari-
ant (they are preserved under the transformations xi →
xi + di, pi → pi). However, the commutation relations
(10) are not invariant under translation, unless we require
Ξij(p) to be such that it yields [xi, xj ] = 0. Thus, in or-
der to implement translation invariance, Ξij must satisfy
the necessary and sufficient condition (read off from the
(10))
Ξia∂piΞbc = Ξib∂piΞac (11)
where sum over i is understood. The rotation invariance
can be implemented by requiring Ξij to have the form
Ξij(p) = f(p
2)δij + g(p
2)pipj . (12)
Together, conditions (11) and (12) imply that f and g
must satisfy the differential equation
2f ′f + (2f ′p2 − f)g = 0 (13)
where f ′(p2) = df/d(p2). Under these conditions com-
mutation relations do obey translation and rotation in-
variance.
Considering, for sake of simplicity, the mono-
dimensional case i = j, we write for the main commuta-
tor
[x, p] = i~(f(p2) + g(p2)p2) . (14)
The usual Heisenberg commutator is recovered by choos-
ing, for example, f(p2) = 1. Then Eq.(13) implies
g(p2) = 0 and [x, p] = i~. The stringy inspired com-
mutator is obtained, to the first order in β, by choosing
g(p2) = β (see [19]). Then, in fact, solving (13) we find
f(p2) =
βp2√
1 + 2βp2 − 1
≃ 1 + β
2
p2 +O((βp2)2) (15)
and, to the first order in β (or, equivalently, for small p)
we have
[x, p] = i~
(
1 +
3
2
βp2 +O(β2)
)
. (16)
The MBHGUP (6) can be written in terms of momentum
transferred as
p δx &
~
2
(
1 + γp
n+2
n+1
)
(17)
where
γ = β(ωn)
1
n+1
(
2ℓ4n
~
)n+2
n+1
(18)
and this in terms of commutators becomes
[x, p] = i~
(
1 + γp
n+2
n+1
)
. (19)
To show that MBH GUP is translation and rotation in-
variant we must show that the commutator (19) is of the
same form of commutator (14) (when p → 0), with f
and g satisfying (13) (in particular we would like to have
f(p2) → 1 for p → 0). However, the previous strategy,
namely to fix a priori a given form for g(p2) and then
to compute f(p2) by solving (13) (as we did for HUP,
g(p2) = 0, and for stringy GUP, g(p2) = β), in this case
does not work. Even if one puts p2g(p2) = γp(n+2)/(n+1),
Eq.(13) becomes however rather complicated (it is a Abel
equation of 2nd kind), and hardly we can hope it gives
f(p2) → 1 for p → 0. Moreover, an explicit solution
could not be so useful, since we are mainly interested in
an asymptotic behaviour. Therefore we ask the following
general properties to be satisfied by the functions f and
g 

[f(p2) + g(p2)p2]→ [1 + γpn+2n+1 ] for p→ 0
2f ′f + (2f ′p2 − f)g = 0 ,
(20)
We shall look if there actually exist f and g such that
the above two properties can be simultaneously satisfied.
In this way the rotational and translational invariance of
GUP (6) will result proved. In Appendix 1 such solutions
are proved to exist, provided we allow g to develop poles
(of course, the function f and the whole function f +gp2
remain perfectly finite).
IV. FROM THE UNCERTAINTY PRINCIPLE
TO THE MASS-TEMPERATURE RELATION
Naturally, the modification of the uncertainty relation,
i.e. of the basic commutators, has deep consequences on
the quantum mechanics, and on the quantum field the-
ory, built upon it. The general implementation of such
commutation rules as regard Hilbert space representa-
tion, ultraviolet regularization, or modified dispersion re-
lations has been discussed in a vast literature (see for an
incomplete list: [20]). In the present section, we want to
focus on the use of (generalized) uncertainty relations to
compute the basic feature of the Hawking effect, namely
the formula linking the temperature of the black hole to
its mass M . The seminal result of Hawking and Un-
ruh [21, 22] is rigorously computed using QFT, based on
Heisenberg uncertainty principle, on curved space-time.
However, it has been shown [8, 23, 24, 25] that the full
calculation of QFT in curved space-time (with standard
commutators for the ordinary uncertainty principle, or
4with deformed commutators for the GUP) can be safely
replaced by a computation employing only the (general-
ized) uncertainty relation and some basic physical con-
siderations, in order to obtain the mass-temperature for-
mula.
For example, in the case of the standard Hawking effect,
we can consider a quantum of Hawking radiation (a pho-
ton) just outside the event horizon of a Schwarzschild
black hole of a given mass M . Then, the uncertainty
in the position of such quantum will be ∆x ≃ 2RS =
4GM/c2. The correspondent uncertainty ∆E in the en-
ergy of the emitted quantum is identified with the ther-
mal energy of the quantum itself. For photons, the link
between temperature and average thermal energy of pho-
tons is ∆E ≃ 3kBT . Therefore, the Heisenberg relation
∆x∆E ≃ ~c/2 implies
4GM
c2
3kBT ≃ ~c
2
⇒ T = ~c
3
24GkBM
. (21)
Note that the exact QFT coefficient is 8π(≃ 24). A sim-
ilar computation in Ref. [8], based on the GUP in 4
dimensions, has brought to a modification of the Hawk-
ing formula for high temperatures, and to the remarkable
prediction of black hole remnants.
Let us now consider, in 4 + n dimensions, the two
GUPs (7) and (6) described in the Section II. Sup-
pose that, in a brane world scenario (ADD model or
RS model) a micro black hole with initial mass M has
been formed. Then, following the previous argument,
let’s consider a quantum of Hawking radiation (photon
or graviton) just outside the event horizon (for simplicity,
we suppose the black hole already in the Schwarzschild
phase). The uncertainty in the position of this quantum
is δx ≃ 2R4n = 2ℓ4n(ωnm) 1n+1 , where m =M/M4n. The
correspondent uncertainty in energy of this quantum is
identified with its thermal energy E, and it is linked with
the mass of the hole through the inequalities (7) or (6),
now saturated. Reminding the relation E4nℓ4n = ~c/2,
from the GUPs formulae we can write
2(ωnm)
1
n+1 =
E4n
E
+ β
E
E4n (ST) (22)
2(ωnm)
1
n+1 =
E4n
E
+ β
(
ωn
E
E4n
) 1
n+1
(MBH) .
Now, it is of fundamental importance to note that rela-
tions like the previous two can allow, in principle, for ar-
bitrary connections between energy E and temperature
T , without any affection of the formulae for the mini-
mum masses predicted by the relations themselves. In
Appendix 2 we show that the expression of the minimum
mass predicted by Eqs.(22) is independent from the an-
alytic structure of the relation E(T ).
This freedom in the choice of E(T ) can be used to imple-
ment the correct semiclassical limit, in 4+n dimensions,
in relations like (22). Supposing still true a linear rela-
tion between E and T , E = α(n)T , the correct form of
E(T ) in 4 + n dimensions can be inferred by imposing
a matching with the Hawking semiclassical limit. In the
limit β → 0 we have, from (22),
2(ωnm)
1
n+1 =
E4n
α(n)T
⇒
T =
E4n
2α(n)(ωnm)
1
n+1
=
~c
4α(n)R4n
(23)
and the matching with the correct Hawking semiclassical
formula, in 4 + n dimensions,
T =
(n+ 1)~c
4πkBR4n
, (24)
can be obtained by setting
α(n) =
πkB
n+ 1
. (25)
Therefore E(T ) = α(n)T = πkBT/(n + 1). Introducing
the Planck temperature T4n defined by E4n = 12kBT4n,
and using Planck units for the temperature itself Θ =
T/T4n, we can write from the (22) the mass-temperature
relations as
2(ωnm)
1
n+1 =
(n+ 1)
2πΘ
+ β
2πΘ
(n+ 1)
(ST) (26)
2(ωnm)
1
n+1 =
n+ 1
2πΘ
+ β
(
2πωnΘ
n+ 1
) 1
n+1
(MBH)
A possible source of ambiguity in relations like (26) is
the relation between the uncertainty in the position of
the Hawking quantum, δx, and the geometric size of the
hole, R4n. However, if we consider as valid a linear rela-
tion even with a free parameter µ, like δx = 2µR4n, we
then see that the Hawking limit can be recovered only by
writing
2µ(ωnm)
1
n+1 = µ
n+ 1
2πΘ
(27)
and this, in the final mass-temperature relation, means
2µ(ωnm)
1
n+1 = µ
n+ 1
2πΘ
+ β
2πΘ
n+ 1
(28)
which is always equivalent to a re-scaling of the unknown
deformation parameter β
2(ωnm)
1
n+1 =
n+ 1
2πΘ
+
(
β
µ
)
2πΘ
n+ 1
; β′ =
β
µ
(29)
Analogous considerations hold for the MBH GUP.
V. MINIMUM MASSES, MAXIMUM
TEMPERATURES
The standard Hawking formula predicts a complete
evaporation of a black hole, from an initial massM down
5to zero mass. As we have seen this is a direct conse-
quence of the Heisenberg principle. In the language of
mass-temperature formula we have
2(ωnm)
1
n+1 =
n+ 1
2πΘ
(30)
and the temperature should become infinite at the very
end of the process. Of course, as said in the introduction,
corrections are expected from quantum gravity processes
in the final phases of the evaporation. The GUPs seem
to provide such corrections in a straightforward way. In
fact, the mass-temperature formulae (26) described in
previous sections provide immediately a minimum mass
for the evaporating black hole and a maximum tempera-
ture. Precisely we have for the stringy GUP (reminding
N = n+ 3, number of space-like dimensions)
ΘSTMAX =
N − 2
2π
√
β
(31a)
mSTMIN =
β
1
2 (N−2)
ωn
(31b)
while for the MBH GUP we have
ΘMBHMAX =
(
N − 2
2π
)[
N − 2
β(ωn)
1
N−2
]N−2
N−1
(32a)
mMBHMIN =
[
N − 1
2(N − 2)N−2N−1
]N−2
(ωn)
− 1
N−1β
(N−2)2
N−1 (32b)
Note that, as expected, ΘMAX →∞ and mMIN → 0 in
the Hawking limit β → 0. Therefore the use of the GUP
eliminates the problem of an infinite temperature (clearly
un-physical) at the end of the evaporation [8, 9, 23]. In
Section VIII we shall show that also the emission rate
(erg/sec) is kept finite by the GUP mass-temperature
formulae, in contrast with an infinite output predicted
by the Hawking formula (which is based on Heisenberg
uncertainty principle).
As it is clear from the mass-temperature diagrams (see
Fig.1), black hole temperature is undefined for m <
mMIN . Black holes with mass less than mMIN do not
exist, since their horizon radius would fall below the mini-
mum allowed length. The mass-temperature relations de-
rived from the GUPs predict hence the existence of mass
thresholds for the creation of micro black holes. An head-
on collision of partons with a center-of-mass energy below
mMIN (in Planck units) will not result in production of
black holes (at least black holes as we define them today).
It is interesting to compare the two diagrams of mSTMIN
and mMBHMIN as function of the number N of space-like di-
mensions. In Fig.2 these functions are plotted for β = 2.
On the y-axis we have the mass m = M/MPl in Planck
units. If we assume thatMPl ≃ O(1) TeV for 4 ≤ N ≤ 9,
as it is customary in many brane world models, then the
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FIG. 1: Mass - Temperature relation for the ST GUP, β = 2,
for N = 3, 4, 5 from the bottom line to the top.
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FIG. 2: Minimal masses for ST (blue line) and MBH (green
line) GUPs, for β = 2, and MPl ≃ 1 TeV, for N ≥ 4. Red
line is the LHC energy limit.
diagram should be considered for N ≥ 4 only. (In fact, it
is well known that forN = 3 we haveMPl ≃ 1016 TeV, so
surely LHC won’t create any black hole if the space-time
dimensions are only 4). If MPl ≃ O(1) TeV, then the
horizontal red line represents the energy limit of LHC.
We see that we have mMBHMIN < m
ST
MIN for N ≥ 4. In
N = 4 or N = 5 both GUPs allow for the formation of
black holes below the LHC threshold, since mMIN < 14.
On the contrary, already for N = 6, and larger, only
mMBHMIN lies below the LHC energy limit, while the stringy
GUP predicts a mSTMIN well above the energy reachable
by LHC. Therefore, productions of micro black holes in a
scenario with N ≥ 6 (n ≥ 3 extra dimensions) should be
considered, if accompanied with remnants, an evidence
in favor of the MBH GUP.
However, it is also true that for 0 < β . 1.11 both di-
agrams lie below the limit of 14TeV (for 4 ≤ N ≤ 9)
so production of micro black holes is in principle allowed
by both GUPs for such values of β, although it is much
more enhanced by MBH GUP.
As we know, the dependence of M4n from the dimen-
sionality N is different for different extra dimensions sce-
narii. For example, in the ADD model [1] the extra di-
mensions have a finite size L. The link between G4n and
the usual Newton constant GN is G4n ≃ GNLN−3 (N =
6number of space-like dimensions). Therefore the relation
among E4n, the 4-dimensional Planck energy EPl, and
length ℓPl, is
E4n =
(
ℓPl
L
)N−3
N−1
EPl . (33)
Considering ”large” extra dimensions of size L = 1µm =
10−4cm (and ℓPl = 1.6 ·10−33 cm, EPl = 6.13 ·1015 TeV),
we have that in this model the Planck energy unit scales
with the number N of dimensions like
E4n = (1.6 · 10−29)
N−3
N−1 (6.13 · 1015) TeV (34)
Fig.3 displays a diagram with the ”limit-line” of 14 TeV
4 5 6 7 8
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FIG. 3: Minimal masses for ST and MBH GUPs, for β = 2,
with MPl variable as in ADD model (red line).
plotted in red in terms of Planck mass units. The energies
reachable by LHC lie below the red curve. We see that
in this particular ADD model there is no hope to detect
black holes for N = 4, 5, while for N ≥ 6 they should
be detectable in any case, and they are allowed by both
GUPs, in that energy region.
However, the most striking prediction made by the
GUPs mass-temperature relations (both versions) is,
without doubt, the existence of ”remnants”, i.e. of a
final product of finite mass of the Hawking evaporation.
We shall show in Sections VIII and IX that Hawking
evaporation should stop once the black hole mass reaches
mMIN . The specific heat vanishes at the end point, so
that the black hole cannot exchange heat with surround-
ing environment, and the final object, a remnant, should
be inert form the thermodynamical point of view. Rem-
nants from primordial black holes have been proposed as
a dark matter candidate [26], and they are also predicted
by some models of quantum black holes [27].
An obvious signature for revealing remnants at LHC col-
lider would be the detection of a missing energy of the
order of the minimal mass of the black hole (plus missing
energy due to invisible decay products). Moreover, we
see that both versions of GUP (stringy GUP and MBH
GUP) require the existence of remnants. A detection of
micro black holes, together with a non detection of rem-
nants, would imply β = 0 (within experimental errors, of
course). This would be a very strong assertion on the va-
lidity of the usual (classical) Heisenberg principle down
to any scale, and therefore a very deep insight on the
ultimate nature of the space time microstructure.
VI. EMISSION RATE EQUATION
In this section we describe the evaporation process of
the micro black hole. As it is well known, in the minimal
scenario of the braneworld models only gravity propa-
gates also in the 4 + n dimensional bulk, whereas the
Standard Model bosonic or fermionic fields are confined
on a 4 dimensional brane. In the present model we take
into account two species of particles, photons and gravi-
tons. This because of several reasons: first, we wish to
investigate typical examples of the two different geome-
tries of emission; second, some recent works [28, 29] seem
to show that the emission of gravitons in the bulk may
not be a negligible part of the total black hole emission,
as previously believed [4]; third, for sake of simplicity, we
consider only photons as emitted on the brane, in order
to keep the model clear. Nevertheless other kind of gauge
or fermionic fields can be added in a straightforward way.
Before writing down the emission rate equation, we re-
view some delicate issues about greybody factors, emit-
ted energy, and Stefan-Boltzamann constant, in 4 and
4 + n dimensions.
The number of photons (or gravitons) with frequency
within ω and ω+dω, in a volume V , is given in 4 dimen-
sions by
dnγ/g =
V ω2
π2c3
Γγ/g(ω)
e~ω/kBT − 1 dω . (35)
In case of a perfect black body (perfect emitter) we have
for the greybody factor Γγ/g(ω) = 1 for any ω. The de-
pendence of Γ(ω) from the frequency ω is in general very
complicated. It has been studied in many papers (for 4
dimensional black holes see [30], for emission of gravi-
tons in 4 + n dimensions see [28, 29]), it is in some cases
partially unknown, and in many cases can be computed
only numerically. In the present model, we neglect the
dependence of the Γs from the frequency, and therefore
we consider a value Γγ/g := 〈Γγ/g(ω)〉 averaged on all the
frequencies. Thus, for the number of photons (or gravi-
tons) in the interval (ω, ω + dω) in a volume V we write
(in 4 dimensions)
dnγ/g =
V ω2
π2c3
Γγ/g
e~ω/kBT − 1 dω . (36)
Obviously in a real black body (not the ideal one) will
be Γg ≪ Γγ < 1.
The total energy of photons (gravitons) contained in a
volume V in 4 dimensions is then
E
γ/g
TOT(V ) =
∫ ∞
0
~ω dnγ/g =
V Γγ/g
π2c3~3
(kBT )
4Γ(4)ζ(4)
(37)
7(Γ(x) = Euler Gamma function; ζ(n) = Riemann zeta
function), and defining the Stefan-Boltzmann constant
in 4 dimensions as
σ3 =
c
3
Γ(4)ζ(4)
π2c3~3
k4B (38)
this can be written
E
γ/g
TOT(V ) = Γγ/g
3σ
c
V T 4 . (39)
In 4+n dimensions, only gravitons propagate in the bulk,
and, taking into account their helicity, we write for the
number of gravitons in a volume V and with frequency
in the range ω, ω + dω
dng =
(N + 1)(N − 2)
2
· V ΩN−1ω
N−1
(2πc)N
×
× Γg
e~ω/kBT − 1 dω (40)
(where N is the number of space-like dimensions).
The total energy of gravitons contained in a volume V is
then
EgTOT(V ) =
∫ ∞
0
~ω dng =
(N + 1)(N − 2)
2
×
×V ΓgΩN−1~Γ(N + 1)ζ(N + 1)
(2πc)N
(
kBT
~
)N+1
(41)
which can be written as
EgTOT(V ) = Γg
N
c
σNV T
N+1 (42)
where
σN =
c
N
(N + 1)(N − 2)
2
ΩN−1k
N+1
B
(2πc)N~N
×
× Γ(N + 1)ζ(N + 1)TN+1 (43)
is the Stefan-Boltzmann constant in N space-like dimen-
sions (4 + n dimensions).
The total energy dE radiated in a time dt, measured
by the far observer, from the black hole can be written
(for photons and gravitons)
dE = Γγ
3σ3
c
V3 T 4 + ΓgNσN
c
VN TN+1 (44)
where V3 is the effective volume occupied by photons
V3 = Ω2R24n c dt (45)
and VN is the effective volume occupied by gravitons
VN = ΩN−1RN−14n c dt . (46)
Note that the Schwarzschild radius considered is always
R4n, i.e. the radius of the 4 + n dimensional black hole.
This because we are dealing with micro black holes small
enough than R4n < L, where L is the typical size of the
extra dimensions (in the ADD model), or the effective
size of the confinement of the zero mode of gravitational
field (in the RS model). Thus, finally, the differential
equation of the emission rate is [3, 4, 29]
dE
dt
= 3Γγ σ3Ω2R
2
4n T
4
+ N Γg σN ΩN−1R
N−1
4n T
N+1 . (47)
Using the explicit definitions of σ3, σN , R4n, and the
Planck variables m = M/M4n = E/E4n, Θ = T/T4n,
τ = t/t4n (where E4n = 12kBT4n and t4n = ℓ4n/c), we
can rewrite the emission rate equation as
− dm
dτ
=
2
π2
Γγ Ω2 Γ(4) ζ(4) (ωnm)
2
N−2 Θ4
+
(N + 1)(N − 2)
(2π)N
Γg Ω
2
N−1 ×
× Γ(N + 1) ζ(N + 1) (ωnm)
N−1
N−2 ΘN+1 (48)
where the minus sign indicates the loss of mass/energy.
VII. MICRO BLACK HOLE LIFETIME
In this section we study the emission rate equation in
order to compute the micro black hole lifetime. As a
result, we shall display and comment various diagrams,
in particular for the limiting cases Γγ ≫ Γg, Γγ ≪ Γg.
The Eq.(48) can be put in a simpler form by multiply-
ing it by ωn and defining
y = (ωnm)
1
N−2 . (49)
Then we have
d(ωnm)
dτ
= (N − 2)yN−3 dy
dτ
(50)
and the Eq.(48) becomes
− dy
dτ
= 2Γγ Ω2
Γ(4)ζ(4)ωn
π2(N − 2) y
5−N Θ4 (51)
+ (N + 1)
ΓgωnΩ
2
N−1Γ(N + 1)ζ(N + 1)
(2π)N
y2ΘN+1 .
Let us now examine separately the cases of the two
different GUPs.
7a) Stringy GUP: With the position (49), the
stringy GUP can be written
2y =
1
λΘ
+ βλΘ =
1
Θ¯
+ βΘ¯ (52)
where λ = 2π/(N − 2) and Θ¯ = λΘ. Then (51) becomes
− d(2y)
dτ
= Γγ Gn (2y)
5−N Θ¯4 + ΓgHn (2y)
2 Θ¯N+1(53)
8with
Gn =
2N−3ωnΩ2Γ(4)ζ(4)
π2(N − 2)λ4 (54)
and
Hn = (N + 1)
ωnΩ
2
N−1Γ(N + 1)ζ(N + 1)
2(2π)NλN+1
. (55)
So we have a system of differential-algebraic equations

− d(2y)dτ = Γγ Gn (2y)5−N Θ¯4 + ΓgHn (2y)2 Θ¯N+1
2y = 1
Θ¯
+ βΘ¯ .
(56)
This is easily reduced to a separable equation, in fact
GN (Θ¯)dΘ¯ = dτ (57)
where
GN (Θ¯) = (1− βΘ¯
2)
[ΓγGn(βΘ¯2 + 1)3−N + ΓgHn](βΘ¯2 + 1)2Θ¯N+1
.
Suppose at time τ = 0 a micro black hole is created with
an initial mass m0 and a (low) temperature Θ¯0. At time
τ the temperature has become Θ¯(τ), with Θ¯(0) = Θ¯0.
Then
τ =
∫ τ
0
dτ =
∫ Θ¯(τ)
Θ¯0
GN (Θ¯)dΘ¯ . (58)
By inverting this relation for Θ¯ one would get Θ¯ =
f(τ, Θ¯0), that is the temperature Θ¯ as a function of time
τ and of the initial temperature Θ¯0. We are interested in
the lifetime of the black hole. Θ¯(τ) grows with τ until a
certain value Θ¯MAX , when the emission, as we shall see
in Section IX, stops. That value of τ will be the lifetime
τbh of the black hole. So
τSTbh =
∫ Θ¯MAX
Θ¯0
GN (Θ¯)dΘ¯ . (59)
It is easy to compute Θ¯MAX from Eq. (52):
Θ¯MAX = λΘMAX =
1√
β
(60)
which implies
ΘMAX =
N − 2
2π
√
β
(61)
in agreement with Eq. (31).
In order to obtain Θ¯0 as a function of the initial massm0,
as it is customary to do, we have to invert the relation
2(ωnm0)
1
N−2 =
1
Θ¯
+ βΘ¯ (62)
0.5 1 1.5 2 2.5 3
Q
1
2
3
4
5
y
FIG. 4: Diagram y vs. Θ¯ for the stringy GUP, β = 2.
that is
βΘ¯2 − 2(ωnm0) 1N−2 Θ¯ + 1 = 0 . (63)
This can be done exactly (2nd degree equation). We
choose the smallest positive solution (a simple glance to
the diagram in Fig.4 shows that such a solution always
exists when y > yMIN ), which means the solution of
minimal temperature
Θ¯0(m0) =
1
β
[
(ωnm0)
1
N−2 −
(
(ωnm0)
2
N−2 − β
) 1
2
]
.(64)
Then we finally write for the lifetime of a micro black
hole
τSTbh =
∫ Θ¯MAX
Θ¯0(m0)
GN (Θ¯)dΘ¯ . (65)
In the following, we shall use numerical integra-
tion in order to produce some plots of the function
τSTbh (m0;N,Γγ ,Γg, β) for several value of the parameters
Γγ , Γg.
7b) MBH GUP: Here we proceed in an analo-
gous way. Again with the position (49) the MBH GUP
can be written
2y =
1
λΘ
+ β(ωnλΘ)
1
N−2 (66)
where λ = 2π/(N−2). Defining Λ := (ωnλΘ) 1N−2 , which
means Θ = ΛN−2/(λωn), then Eq.(66) becomes
2y =
ωn
ΛN−2
+ βΛ . (67)
Eq.(51) by virtue of Θ = ΛN−2/(λωn) can be written
− d(2y)
dτ
= Γγ G˜n (2y)
5−N Λ4(N−2)
+ Γg H˜n (2y)
2 Λ(N−2)(N+1) (68)
where now
G˜n =
2N−3Ω2Γ(4)ζ(4)
π2(N − 2)λ4ω3n
(69)
9and
H˜n = (N + 1)
Ω2N−1Γ(N + 1)ζ(N + 1)
2(2π)NλN+1ωNn
. (70)
Thus we have the system

− d(2y)dτ = Γγ G˜n (2y)5−N Λ4(N−2)
+Γg H˜n (2y)
2 Λ(N−2)(N+1)
2y = ωnΛN−2 + βΛ .
(71)
Again, this can be reduced to a separable equation
FN(Λ)dΛ = dτ (72)
where
FN(Λ) =
((N − 2)ωn − βΛN−1)
[ΓγG˜n(βΛN−1 + ωn)3−N + ΓgH˜n](βΛN−1 + ωn)2Λ(N−1)
2
.
We can now repeat the steps of the previous section (re-
minding that the change of variable λωnΘ = Λ
N−2 is a
monotonic one). At time τ = 0 a micro black hole with
mass m0 and temperature Θ0 (Λ
N−2
0 = λωnΘ0) is cre-
ated. At time τ , the temperature has grown to Θ(τ),
with ΛN−2(τ) = λωnΘ(τ) and Θ(0) = Θ0, Λ(0) = Λ0.
Then
τ =
∫ Λ(τ)
Λ0
FN (Λ)dΛ . (73)
When Θ(τ) reaches ΘMAX (and Λ(τ) goes to ΛMAX ,
respectively), then the emission stops. ΛMAX can be
computed as usual from (67) and we get
ΛMAX =
[
(N − 2)ωn
β
] 1
N−1
, (74)
in agreement with (32). Λ0 as a function of the initial
mass m0 can be obtained as the smallest positive root of
the equation (numerical solution)
βΛN−10 − 2(ωnm0)
1
N−2ΛN−20 + ωn = 0 . (75)
Again, a simple glance to the plot of Eq. (67) assures
us that such a solution always exists, provided that y >
yMIN .
So, finally we can write for the lifetime of the micro
black hole computed with the MBH GUP
τMBHbh =
∫ ΛMAX
Λ0(m0)
FN (Λ)dΛ . (76)
We can use numerical integration to produce
some plots of the functions τSTbh (m0;N,Γγ ,Γg, β),
τMBHbh (m0;N,Γγ ,Γg, β) for several value of the parame-
ters Γγ , Γg.
For example, for N = 3 (the usual space-time), we see
that the two GUPs, stringy and MBH, coincide, and so
do the two parts of the emission rate equation (photons
and gravitons are both emitted on the brane, since there
isn’t anything else outside). Also the mass threshold for-
mulae of the two GUPs go to coincide. Hence, we have
one single diagram for the functions τSTbh (m0; 3,Γγ ,Γg, 2),
τMBHbh (m0; 3,Γγ ,Γg, 2), as we see in Fig.5.
2 4 6 8 10 12 14
m
200000
400000
600000
800000
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1.2´106
Τ
FIG. 5: Diagrams of τbh for Stringy and MBH GUPs, for N=3
and β = 2. Mass and time in Planck units.
Of course, Fig.5 is purely academical, since we know
that for N = 3 space-like dimensions, the Planck mass is
about 1019 GeV, completely out of the energy range of
LHC.
Instead, could be interesting Fig.6, where τSTbh and
τMBHbh are plotted for N = 4. In green, we represent the
emission (on the brane) of photons only (Γγ = 1, Γg = 0);
in red, the emission (bulk and brane) of gravitons only
(Γγ = 0, Γg = 1). The upper diagram is obtained by
4 5 6 7
m
50
100
150
200
Τ
FIG. 6: Diagrams of τbh vs. m. Green: emission of pho-
tons only. Red: emission of gravitons only. Upper diagram
obtained with MBH GUP, lower diagram with stringy GUP.
N = 4 and β = 2. Mass and time in Planck units (in N = 4).
the MBH GUP, the lower diagram represents the stringy
GUP. We note that the final mass predicted by the MBH
GUP is lower than the final mass predicted by the stringy
GUP, as we already know from the formulae (31) and (32)
and from Fig.2.
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In Fig.7 we plot the diagrams describing the situation
at N = 5 (i.e. n = 2 extra dimensions). The gap between
the two mass’ thresholds, predicted by the two different
GUPs, has been further increased. Note the switching be-
tween the photons and the gravitons emission lines (green
and red) in respect to the N = 4 diagrams.
6 8 10 12 14 16
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10
20
30
40
Τ
FIG. 7: Diagrams of τbh vs. m. Green: emission of pho-
tons only. Red: emission of gravitons only. Upper diagram
obtained with MBH GUP, lower diagram with stringy GUP.
N = 5 and β = 2. Mass and time in Planck units (in N = 5).
Finally, it is interesting to have a look to diagrams
(Fig.8) representing the Hawking limit β → 0. In such a
limit the minimum masses go to zero, and obviously the
two GUPs are going to coincide in between them, and
with the usual Heisenberg uncertainty principle.
2 4 6 8 10 12 14
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200
300
400
500
600
Τ
FIG. 8: Diagrams of τbh vs. m in the Hawking limit β → 0.
Green: emission of photons only. Red: emission of gravitons
only. N = 5. Mass and time in Planck units (in N = 5).
VIII. EMISSION RATE EQUATION AT THE
END POINT
In this section we show that the GUPs are able to keep
finite the output rate of the black hole, also at the end
of the emission process. This, we shall see, is a com-
pletely different prediction from the one made by the
standard Hawking effect, which is in fact based on the
usual Heisenberg principle.
Before going any further, it is useful to expand the
temperature Θ in series of the deformation parameter
β. In the case of the MBH GUP, since it is not possible
to obtain an explicit form of Θ(m), we shall use the
implicit function theorem. The ST GUP case can be
treated as well with the implicit theorem, even if here
Θ(m) can also be obtained, obviously, in an explicit form.
8a) Stringy GUP: Rewriting the first of Eqs.(26) with
the variables y = (ωnm)
1/(n+1) and Θ¯ = 2πΘ/(n + 1),
we have Eq.(52)
2y =
1
Θ¯
+ βΘ¯ (77)
The function Θ¯ = Θ¯(y, β) is implicitly defined by the
equation
f(y, Θ¯, β) = βΘ¯2 − 2yΘ¯ + 1 = 0 (78)
We are interested in Θ¯ as a function of β, therefore we
consider y to be constant. Then
df = 0 =⇒ dΘ¯
dβ
= − ∂f/∂β
∂f/∂Θ¯
(79)
and for the MacLaurin series of Θ¯ we get
Θ¯(y, β) = Θ¯(y, 0) +
dΘ¯
dβ
(y, 0) · β +O(β2) (80)
with
Θ¯(y, 0) =
1
2y
;
dΘ¯
dβ
(y, 0) =
1
8y3
(81)
So finally
Θ¯(y, β) =
1
2y
+
β
8y3
+O(β2) (82)
Writing this in term of the standard Hawking tempera-
ture Θ¯H =
1
2y we have
Θ¯ = Θ¯H(1 + βΘ¯
2
H +O(β
2)) (83)
Using instead the usual variables (m,Θ) the expansion
becomes
Θ =
n+ 1
4π(ωnm)
1
n+1
(
1 +
β
4(ωnm)
2
n+1
+ ...
)
. (84)
8b) MBH GUP: The MBH GUP in 4+n dimensions,
in the (m,Θ) variables, is given by the second of Eqs.(26).
Here we should use the implicit function method to ob-
tain an expansion in β of Θ(m,β). Using the variables
y = (ωnm)
1/(n+1) and Λn+1 = 2πωnΘ/(n+1), the MBH
GUP reads
2y =
ωn
Λn+1
+ βΛ (85)
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The function Λ = Λ(y, β) is implicitly defined by the
equation
f(y,Λ, β) = βΛn+2 − 2yΛn+1 + ωn = 0 (86)
For MacLaurin at first order in β we have
Λ(y, β) =
(
ωn
2y
) 1
n+1
+
β
2(n+ 1)y
(
ωn
2y
) 2
n+1
+ ... (87)
Going back to the (y,Θ) variables, we have
ΘMBH =
n+ 1
4πy
[
1 +
β
2y
(
ωn
2y
) 1
n+1
+ ...
]
(88)
while for the ST GUP in the same variables we had
ΘST =
n+ 1
4πy
[
1 +
β
4y2
+ ...
]
(89)
The results just obtained will be used later to construct
an expansion in β of the lifetime τ .
Let us now discuss some limit properties of the
emission rate equation.
Starting from Eq.(48) and introducing as usual the
variable y we arrive to Eq.(51), that can be written as
− dy
dτ
= Ay2−nΘ4 +By2Θn+4 (90)
with
A = 2Γγ Ω2
Γ(4)ζ(4)ωn
π2(n+ 1)
(91)
B = (n+ 4)
ΓgωnΩ
2
n+2Γ(n+ 4)ζ(n+ 4)
(2π)n+3
. (92)
In the limit β → 0 the Hawking temperature can be
recovered
ΘH =
n+ 1
4πy
(93)
and the standard Hawking emission rate (in 4+n dimen-
sions) reads
− dy
dτ
)
H
= Ay2−nΘ4H +By
2Θn+4H
= (A˜+ B˜)
1
yn+2
(94)
where
A˜ := A
(
n+ 1
4π
)4
; B˜ := B
(
n+ 1
4π
)n+4
. (95)
We see now clearly that, in the case of the standard
Hawking emission rate, we have an infinite spike at the
end of the evaporation process. In fact, when m → 0,
then y → 0, ΘH →∞, and − dydτ
)
H
→∞.
On the other hand, since the emission rate dmdτ (or
dy
dτ )
has to be a real number, we must require that the func-
tion Θ = Θ(y, β) (implicitly defined by the GUPs rela-
tions) is a real number.
A simple glance to the plots of the functions (y,Θ), for
the ST and MBH GUPs, shows that Θ can be real if and
only if y > yMIN . In the case of ST GUP we have (from
Eq.(52)) ySTMIN =
√
β, while for the MBH GUP (from
Eq.(67)) we get
yMBHMIN =
(n+ 2)ωn
2
(
β
(n+ 1)ωn
)n+1
n+2
(96)
Therefore, the request dmdτ ∈ R implies y ≥ yMIN , that
is m ≥ mMIN . If now we compute the emission rate at
the end point, when m → mMIN (or y → yMIN ) and
Θ→ ΘMAX , we get, respectively,
− dy
dτ
)
ST
= (A˜+ B˜)
1
β1+
n
2
(97)
− dy
dτ
)
MBH
= (E˜ + F˜ )
1
β1+n
(98)
where A˜, B˜, E˜, F˜ are unimportant numerical factors.
Since β > 0, in both cases we see that the emission rate
turns out to be finite at the end point of the evaporation.
While the final stage of the standard Hawking process
is cathastrophic (the black hole reaches in a finite time
a stage with zero rest mass, infinite emission rate, and
infinite temperature), the GUP (both versions) keeps all
these quantities finite at the end of the evaporation. The
modified results appear to be more physically reasonable
than the standard ones.
Expansion of lifetime τ in powers of β: We
conclude the section presenting an expansion in series
of β of the emission rate equation, and the consequent
expansion of the lifetime τ of black holes. We use the
variables (y,Θ). From the Eqs.(88), (89) for ΘMBH and
ΘST , and from Eq.(90) we can write, for the ST GUP
−dy
dτ
)
ST
= Ay2−nΘ4 +By2Θn+4
= (A˜+ B˜)
1
yn+2
(
1 + β
C˜
y2
+ ...
)
(99)
where A˜, B˜ are defined as in (95) and C˜ = (1+ B˜
A˜+B˜
· n4 ).
For the MBH GUP we have, to the first order in β
−dy
dτ
)
MBH
=
= (A˜+ B˜)
1
yn+2
(
1 +
2βC˜
y
(
ωn
2y
) 1
n+1
+ ...
)
(100)
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with A˜, B˜, C˜ defined as before.
We are now enabled to develop the lifetime τ of the black
hole in series of β. Essentially, we integrate the expres-
sions just found above for the emission rate equation [32].
For the ST GUP, from (99) we have
− dτ = y
n+2
A˜+ B˜
(
1− β C˜
y2
+ ...
)
dy (101)
Taking the integral of the LHS between 0 and τ , and of
the RHS between the initial mass m and the final mass
mMIN (i.e. between y and yMIN =
√
β), we have finally
τ =
yn+3
(n+ 3)(A˜+ B˜)
− β C˜y
n+1
(n+ 1)(A˜+ B˜)
+ ...
=
(ωnm)
n+3
n+1
(n+ 3)(A˜+ B˜)
− β C˜(ωnm)
(n+ 1)(A˜+ B˜)
+ ...(102)
The trend of τ with m coincides with those found in
Ref.[9].
For the MBH GUP, proceeding in an analogous
way from Eq.(100), we find
τ =
yn+3
(n+ 3)(A˜+ B˜)
(103)
− 2β
(
C˜(ωn/2)
1
n+1
A˜+ B˜
)
(n+ 1)
[(n+ 1)2 + n]
y
(n+1)2+n
(n+1) + ...
=
(ωnm)
n+3
n+1
(n+ 3)(A˜+ B˜)
− 2β
(
C˜(ωn/2)
1
n+1
A˜+ B˜
)
(n+ 1)
[(n+ 1)2 + n]
(ωnm)
1+ n
(n+1)2 + ...
Once again we note that the zero order term (β = 0) is
the Hawking term (in 4 + n dimensions) and coincides
with the that computed with ST GUP.
IX. ENTROPY AND HEAT CAPACITY
In this section we compute the exact formulae for the
thermodynamical entropy and for the heat capacity of
a (micro) black hole, using the two versions of the GUP
previously introduced. For sake of completeness, we shall
give also an expansion in β of the entropy S.
A. Entropy
From the first law of black hole thermodynamics [31]
we know that the differential of the thermodynamical
entropy of a Schwarzschild black hole reads
dS =
dE
TH
(104)
where dE is the quantity of energy swallowed by a black
hole with Hawking temperature TH . Rewriting Eq.(104)
with the a-dimensional variables (m,Θ) we get
dS =
1
2
kB
dm
Θ
. (105)
Considering that (m,Θ) are linked by the GUP relation,
we can in principle write Θ = Θ(m), and then obtain S
as a function of m (mass of the micro hole), S = S(m).
This procedure is easily applicable to the ST GUP,
since Θ(m) can be found explicitly. However, this is
not the case for the MBH GUP: the function Θ(m) is
determined only implicitly. Therefore, it is useful to
express m = m(Θ) and then to arrive at S as a function
of Θ, S = S(Θ). The integrals obtained in this way are
also more easily doable than those computed via the
”Θ(m)” method.
Let us study the two cases separately, as usual.
9a) Stringy GUP: Referring to formula (77) and
using the variables (y, Θ¯) we have
dS =
1
2
kB
dm
Θ
=
πkB
ωn
yn dy
Θ¯
=
πkB
2n+1ωn
(1 + βΘ¯2)n(βΘ¯2 − 1)
Θ¯n+3
dΘ¯ (106)
By integrating dS we obtain S = S(Θ¯). We write the
additive constant in S so that S = 0 when Θ→ ΘSTMAX =
n+1
2π
√
β
(i.e. Θ¯ → Θ¯MAX = 1√β ). This is equivalent to
what is usually done with the standard Hawking effect,
where one fixes the additive constant = 0 for m = 0 (the
minimum mass attainable in the standard Hawking effect
is m = 0). Finally we can write
S =
πkB
2n+1ωn
∫ Θ¯MAX
Θ¯0(m0)
(1 + βΘ¯2)n(1− βΘ¯2)
Θ¯n+3
dΘ¯ (107)
where Θ¯0 is the initial temperature. Θ¯0 is fixed by the
initial mass m0 and can be expressed as a function of the
initial mass m0 by taking the smallest positive solution
of the equation
βΘ¯20 − 2(ωnm0)
1
n+1 Θ¯0 + 1 = 0 . (108)
The integral (107) can be easily solved analytically. For
example in 4 dimensions we have (n = 0)
dS =
kB
4
(
− 1
2πΘ3
+
2πβ
Θ
)
dΘ (109)
and
S(Θ) =
kB
16π
(
1
Θ2
− 1
Θ2MAX
+ 8π2β log
Θ
ΘMAX
)
(110)
Note that S → 0+ for Θ→ Θ−MAX .
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9b) MBH GUP: Referring to formula (85) and
using the variables (y,Λ) we have
dS =
1
2
kB
dm
Θ
= πkB
yn
Λn+1
dy (111)
=
πkB
2n+1
(βΛn+2 + ωn)
n(βΛn+2 − (n+ 1)ωn)
Λ(n+2)(n+1)+1
dΛ
Integrating and choosing the additive constant so that
S → 0 when Θ → ΘMAX (i.e. Λ → ΛMAX = ((n +
1)ωn/β)
1/(n+2)) we have, finally,
S = (112)
πkB
2n+1
∫ ΛMAX
Λ0(m0)
(ωn + βΛ
n+2)n((n+ 1)ωn − βΛn+2)
Λ(n+2)(n+1)+1
dΛ
where, as usual, Λ0 is linked to the initial (low) temper-
ature by Λn+1 = 2πωnΘ0/(n+ 1) and can be expressed,
if required, as function of the initial mass m0 by taking
the smallest positive solution of the equation
βΛn+20 − 2(ωnm0)
1
n+1Λn+10 + ωn = 0 (113)
The integral (112) is analytically feasible, even if tedious.
Of course, if we compute Eq.(112) for n = 0 (when the
two GUPs coincide) we re-obtain Eq.(110).
Expansion of S in β. From a physical point of
view we are interested also in the series in β of the
entropy S. Following a method already used for the
series of lifetime τ , we expand the differential form dS
and then we integrate it.
In the case of ST GUP we have
dS =
πkB
ωn
yn dy
Θ¯
=
2πkB
ωn
(
yn+1 − β
4
yn−1 + O(β2)
)
dy (114)
where variables (y, Θ¯) have been used, as well as formula
(82). Adopting the usual normalization condition, that
is S = 0 for m = mMIN (i.e. for y = yMIN =
√
β) and
integrating we have
S =
2πkB
ωn
∫ y
yMIN
(
yn+1 − β
4
yn−1 +O(β2)
)
dy (115)
• for n > 0
S =
2πkB
ωn
(
yn+2
n+ 2
− β
4n
yn +O(β1+
n
2 )
)
(116)
• for n = 0
S = 2πkB
∫ y
yMIN
(
y − β
4
y−1 +O(β2)α y−3
)
dy
= 2πkB
[
y2
2
− β
4
log y +O(β2)
α
2y2
]y
√
β
(117)
= 2πkB
[
y2
2
− β
4
(log y + 2 +K) +
1
8
β log β +O(β2)
]
where K is a numerical factor which includes all the
contributions from terms of the form O(βp+1)y−2p, p =
1, 2, 3, . . . computed in y =
√
β. We see that the standard
Bekenstein-Hawking entropy in 4+n dimensions is recov-
ered in the limit β → 0. In particular, for n = 0 we have
S ∝ m2. Besides, we see that the leading correction to
the standard BH entropy induced by the GUPs is always
negative: this means that the GUP-corrected entropy is
smaller than the semiclassical Bekenstein-Hawking en-
tropy.
In the case MBH GUP, using the variables (y,Λ) and
referring to the formula (87), we can write
Λn+1(y, β) =
ωn
2y
(
1 +
β
2y
(
ωn
2y
) 1
n+1
+ . . .
)
(118)
Therefore
dS = πkB
yn
Λn+1
dy (119)
=
2πkB
ωn
(
yn+1 − β
2
(ωn
2
) 1
n+1
yn−
1
n+1 + . . .
)
dy
With the usual normalization condition (S = 0 for m =
mMIN ), we integrate from
yMIN =
(n+ 2)ωn
2
(
β
(n+ 1)ωn
)n+1
n+2
to a generic y, and obtain
S =
2πkB
ωn
× (120)
×
∫ y
yMIN
(
yn+1 − β
2
(ωn
2
) 1
n+1
yn−
1
n+1 + . . .
)
dy
• for n > 0
S =
2πkB
ωn
× (121)
×
(
yn+2
n+ 2
− β
2
(ωn
2
) 1
n+1
(
n+ 1
n(n+ 2)
)
y
n(n+2)
n+1 + . . .
)
• for n = 0
Here the results are exactly the same as for the ST GUP,
formula (117), and this is obvious, since for n = 0 the
two GUPs, ST and MBH, go to coincide. Again, we
note that the zero order, β = 0, coincides with the usual
Hawking entropy in 4+n dimensions and with the value
just previously obtained for the ST GUP.
B. Heat Capacity
In this section we compute the heat capacity of the
(micro) black hole using the GUPs. This quantity will
give us important insights on the final stage of the evap-
oration process (in particular, on the remnant state).
The heat capacity C of a body is defined via the relation
dE = CdT (122)
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meaning that the transfer to a body of an energy dE pro-
duces a variation dT in the temperature of the body itself.
Usually dT > 0, for usual bodies, and therefore C > 0.
As we know, this is not the case for the black holes. Ex-
pressing the heat capacity via the variables (m,Θ) we
get
C =
dE
dT
=
1
2
kB
dm
dΘ
(123)
So, for the ST GUP, using the variables (y, Θ¯) we can
write
C =
πkB
2n+1ωn
(1 + βΘ¯2)n(βΘ¯2 − 1)
Θ¯n+2
(124)
Since in general 0 < Θ¯ < Θ¯MAX =
1√
β
, from the above
relation results C < 0. Note also that
• If β = 0, then C < 0 for any Θ. Black holes are
bodies with negative specific heat.
• If β = 0, then C approaches 0 (C → 0−) only when
Θ¯→ +∞.
• If β > 0, then we have C = 0 for Θ¯ = Θ¯MAX = 1√β ,
i.e. Θ = (n+ 1)/(2π
√
β).
This means that if β > 0 the specific heat vanishes at
the end point of the evaporation process in a finite time,
so that the black hole at the end of its evolution can-
not exchange energy with the surrounding space. In
other words, the black hole stops to interact thermody-
namically with the environment. The final stage of the
Hawking evaporation according to the GUP scenario con-
tains a Planck-size remnant with a maximal temperature
Θ = ΘMAX .
In particular, for β = 0, we have, reintroducing the mass
m,
C = −2πkB
ωn
(ωnm)
n+2
n+1 (125)
For the MBH GUP we use the variables (y,Λ) and we
have
C =
πkB
n+ 1
yn
Λn
dy
dΛ
(126)
=
πkB
2n+1(n+ 1)
1
Λn
( ωn
Λn+1
+ βΛ
)n(
β − (n+ 1)ωn
Λn+2
)
If β > 0 then C = 0 when Λ = ΛMAX =
[
(n+1)ωn
β
] 1
n+2
,
which means, again, that the heat capacity vanishes at
the end point and the black hole is then thermodynam-
ically inert. When β = 0 it is easy to verify that the
above C coincides with the one computed in the pre-
vious paragraph, namely the case of standard Hawking
effect in 4 + n dimensions.
X. CONCLUSIONS AND OUTLOOKS
In this paper we have examined the consequences that
a deformed uncertainty principle has upon relevant prop-
erties (mass threshold, lifetime, entropy, heat capacity)
of micro black holes, which could be produced at LHC
in the (next) future (or could have been produced in the
early universe, or in cosmic rays showers), in the frame-
work of models with extra spatial dimensions.
We have considered two possible deformations of the
usual Heisenberg principle: one coming from scattering
gedanken experiments in string theory (shortly named
ST GUP), the other coming from gedanken experiments
involving the formations of micro black holes (named
MBH GUP). A comparison of the basic predictions of the
two principles at high energies seems to favor the MBH
GUP as more realistic. However, throughout the paper
we have computed, and compared, the consequences of
both principles, using the same formalism, so that ulti-
mately the forthcoming actual experiments could be the
last judge of the predictions made by the two principles.
In respect to the previous literature on the subject we
have considered also a non negligible emission of gravi-
tons in the 4 + n dimensional bulk. Besides, the MBH
GUP was not treated in precedent literature.
The main conclusions of the paper can be summarized
as follows:
• Both principles predict remnants of finite rest mass
as end product of Hawking evaporation of black
holes.
• For deformation parameter β ≃ 1.5 or greater the
mass thresholds predicted by MBH GUP are re-
markably lower than those of ST GUP, meaning
that the production of micro black hole is largely
enhanced by the MBH GUP. In particular, micro
black holes should be detectable in any number of
extra dimensions, at the designed energy for LHC.
• The micro black hole lifetimes predicted by MBH
GUP are in general always longer that those pre-
dicted by the ST GUP (and the difference is par-
ticularly noticeable for N = 5, 6, ... spatial di-
mensions). However the lifetimes predicted by
both GUPs are, roughly, one order of magnitude
shorter than those predicted by the standard Hawk-
ing evaporation (based on the standard Heisenberg
principle) (see Fig.7 and Fig.8).
• The GUP-corrected entropy, for both GUPs, is
lower than the standard Hawking entropy.
• The heat capacity predicted by both GUPs goes to
zero at a finite (large) temperature, meaning that
the black hole ceases then to interact thermody-
namically with the environment. This is, in the
present framework, a strong indication for the exis-
tence of an evaporation final product of finite mass,
the remnant.
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Appendix 1
In the differential equation (13) everything is function
of p2 and f ′(p2) = df/d(p2). Then, setting y := p2
(y > 0, p = y1/2) we can write the two conditions
(20)(necessary and sufficient for translation and rotation
invariance) as

[f(y) + g(y)y]→ [1 + γy n+22(n+1) ] for y → 0
2f ′(y)f(y) + 2yf ′(y)g(y)− f(y)g(y) = 0 ,
(127)
To avoid fractionary powers, let’s set y
1
2(n+1) =: λ, y =
λ2(n+1). Then
f(y) + g(y)y = f(λ2(n+1)) + g(λ2(n+1))λ2(n+1)
=: F (λ) +G(λ)λ2(n+1) , (128)
Besides,
f ′(y) =
df
dy
=
dλ
dy
dF
dλ
=
1
2(n+ 1)
λ−(2n+1)F ′(λ) . (129)
Thus the system becomes

[F (λ) +G(λ)λ2(n+1)]→ [1 + γλn+2] for λ→ 0
F ′(λ)F (λ) + [λF ′(λ)− (n+ 1)F (λ)]G(λ)λ2n+1 = 0 .
(130)
We have to see if the two conditions are compatible, and
what this implies for f and g. To check this compatibility
we can use power series representations of the functions
F (λ), G(λ). We allow G(λ) to develop poles. Since the
factor λ2(n+1) multiplies G(λ) in the boundary condition,
we could allow poles until λ−2(n+1) and still the combina-
tion [F + Gλ2(n+1)] would remain analytical. However,
we’ll show that the result can be obtained by allowing
poles just until λ−n only. So we write

F (λ) =
∑∞
k=0 akλ
k
G(λ) =
∑∞
k=−n bkλ
k .
(131)
and we look for what the two conditions imply on the
coefficients ak, bk. We have
F (λ) +G(λ)λ2(n+1) =
∞∑
k=0
(ak + bk−2(n+1))λ
k (132)
where bk−2(n+1) = 0 for k = 0, 1, 2, ..., n+1 and b−n 6= 0,
b−n+1 6= 0, etc.
At small λ we should have the matching, for λ→ 0,
∞∑
k=0
(ak + bk−2(n+1))λ
k −→ 1 + γλn+2 . (133)
This means
k = 0; [a0 + b−2(n+1)] = 1 ⇒ a0 = 1
k = 1; [a1 + b1−2(n+1)] = 0 ⇒ a1 = 0
k = 2; [a2 + b2−2(n+1)] = 0 ⇒ a2 = 0
... ... ...
k = n+ 2; [an+2 + b−n] = γ ⇒ (∗)
k = n+ 3; [an+3 + b−n+1] = any quantity
... ... ... (134)
(*) here at least b−n is 6= 0, therefore at least b−n can be
chosen = γ.
Now let’s see if the conditions on ak, bk just found
above are compatible with those required by the differ-
ential equation (130). Since
F ′(λ) =
∞∑
k=0
(k + 1)ak+1λ
k
G(λ) =
∞∑
k=−n
bkλ
k =
∞∑
k=0
bk−nλ
k−n (135)
with b−n 6= 0, b−n+1 6= 0,..., b0 6= 0, we have
F (λ)F ′(λ) =
∞∑
k=0
Ckλ
k
G(λ)F ′(λ) =
∞∑
k=0
Dkλ
k−n
F (λ)G(λ) =
∞∑
k=0
Ekλ
k−n
where
Ck =
k∑
q=0
(q + 1)ak−qaq+1
Dk =
k∑
q=0
(q + 1)bk−n−qaq+1
Ek =
k∑
q=0
ak−qbq−n (136)
and Eq.(130) becomes
∞∑
k=0
[
Ckλ
k +Dkλ
k+n+2 − (n+ 1)Ekλk+n+1
]
= 0(137)
Reshuffling indexes a bit in Eq.(137) we get
∞∑
k=0
[Ck +Dk−n−2 − (n+ 1)Ek−n−1]λk = 0 (138)
where
D−n−2 = 0 E−n−1 = 0
D1−n−2 = 0 E1−n−1 = 0
... ... ... ...
D−1 = 0 E−1 = 0
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and it is easy to see that these relations are direct conse-
quences of the definitions for bk in Eq.(132) and of rela-
tions (134). Equation (138) can be satisfied only if all the
coefficients of λk are identically zero. We can now check
explicitly that this requirement is in full agreement with
conditions (134). In fact
k = 0;
C0 +D−n−2 − (n+ 1)E−n−1 = a0a1 = 0 ⇒ a1 = 0
(since a0 = 1) and this agrees with (134). And then
k = 1;
C1 +D1−n−2 − (n+ 1)E1−n−1 = a1a1 + 2a0a2 = 0
⇒ a2 = 0
(since a0 = 1) and this agrees with (134). Again, for
k = 2 we have
C2 +D2−n−2 − (n+ 1)E2−n−1 = 0 ⇒ a3 = 0
and so on for k = 3, 4, ....
For k = n we find an+1 = 0 in agreement with (134).
For k = n+ 1 we have
Cn+1 +D−1 − (n+ 1)E0
=
n+1∑
q=0
(q + 1)an+1−qaq+1 − (n+ 1)
0∑
q=0
a0−qbq−n
= (n+ 2)a0an+2 − (n+ 1)a0b−n = 0 (139)
Since a0 = 1, then
(n+ 2)an+2 − (n+ 1)b−n = 0 (140)
and this equation is compatible with the ”k = n + 2”
condition of (134). In fact, we have two equations in two
unknowns

(n+ 2)an+2 − (n+ 1)b−n = 0
an+2 + b−n = γ .
(141)
which allow us to compute an+2 (the first non zero coef-
ficient for F (λ), after a0 = 1) and b−n (pole of order n
of G(λ)).
For the next case, k = n + 2, we don’t have evi-
dently any problem, since Eq.(134) simply gives (an+3 +
b−n+1) =any quantity. Therefore any relation between
an+3, b−n+1 required by the differential equation in (130)
is acceptable. Note moreover that if we allowed poles
for G(λ) with a degree less than n, we would find con-
tradiction between the conditions (133), (134) and the
differential equation in (130).
Thus, we conclude that the two conditions (130) are
compatible (if we allow G(λ) to develop poles). So
the MBH GUP is translational and rotational invariant.
Q.E.D.
Appendix 2
In this Appendix we show that the analytic form of
the relation E(T ) does not affect the minimum masses
computable from (22), provided that E is a monotoni-
cally increasing function of T . In fact, the mass-energy
formulae (22) can be written, in general, as
A(m) =
1
E(T )
+ λE(T )η =: f(T ) (142)
where A(m) is supposed to be a monotonically increasing
function of the mass m and λ > 0, η > 0. Then, to get
the minimum mass predicted by (142), it is sufficient to
compute
f ′(T ) =
[
ληE(T )η−1 − 1
E(T )2
]
E′(T ) = 0 .
Discarding the trivial solution E′(T ) = 0, we get
E(Tc) =
(
1
ηλ
) 1
η+1
⇒ Tc = E−1
[(
1
ηλ
) 1
η+1
]
.
Then
A(mMIN ) =
1
E(Tc)
+ λE(Tc)
η =
(
η + 1
η
)
(ηλ)
1
η+1
and
mMIN = A
−1
[(
η + 1
η
)
(ηλ)
1
η+1
]
.
As we see, the minimum mass, a very relevant prediction
of relations like (22), does not depend in any way from
the explicit form of E(T ). Q.E.D.
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